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Introduction
By the close of the 19th Century, the bearing industry began to focus on sizing of bearings for specific applications and determining bearing life and reliability. In 1896, R. Stribeck (ref. 1) in Germany began fatigue testing full-scale bearings. J. Goodman (ref. 2) in 1912 in Great Britain published formulae based on fatigue data that would compute safe loads on ball and cylindrical roller bearings. In 1914, the "American Machinists Handbook and Dictionary of Shop Terms" (ref.
3), devoted 6 pages to rollingelement bearings that discussed bearing sizes and dimensions and recommended (maximum) loading at specified speeds. However, the publication (ref.
3) did not address the issue of bearing life. During this time, it would appear that rolling-element bearing fatigue testing was the only way to determine or predict the minimum or average life of ball and roller bearings.
In Lundberg and Palmgren (refs. 9 and 10) established the primary relation between bearing geometry and bearing life. For ball bearings they related bearing life to five variables. These are ball diameter, pitch diameter, inner-and outer-race conformities, number of balls, and contact angle. Except for bearing contact angle, the relation between these parameters remains the same regardless of whether the bearing is a deep-groove ball bearing or an angular-contact ball bearing. These relations have been incorporated into both the International Organization for Standardization (ISO) and the American National Standards Institute (ANSI)/American Bearing Manufactures Association (ABMA) standards (ABMA was formerly AFBMA, Anti-Friction Bearing Manufacturers Association) for the load ratings and life of rollingelement bearings (refs. 12 to 14) as well as in current bearing codes to predict life.
The Lundberg-Palmgren equations only relate to the lives of the inner and outer races and incorporate ball life into their analysis by inference (ref. 9). It has since been recognized (ref. 15 ) that the life of the ball set in relation to the races is different for a deep-groove ball bearing and an angular-contact ball bearing as well as being dependent on the relative contact (Hertz) stresses at the inner and outer races. It is the objectives of the work reported herein to (a) consider the life of the ball set as well as the lives of the respective races to reassess the effect of ball-race conformities on ball bearing life and (b) incorporate the related changes in ball bearing life to life factors that can be used to modify the bearing predicted life using the Lundberg-Palmgren equations and the ANSI/ABMA and the ISO Standards.
Ball Bearing Geometry and Stresses

Bearing Geometry
While there are several types of ball bearings, there are two common basic types. These are the deepgroove ball bearing (figs. 1 and 2(a)) that is designed to handle primarily radial loads and the angularcontact ball bearing ( fig. 2(b) ) designed to handle primarily thrust loads. These bearings comprise a plurality of balls interspersed between an inner and outer race and separated and positioned by a cage or separator.
The operating characteristics of a ball bearing are dependent its internal fitup measured by the diametral clearance (P D ) illustrated in the cross section schematic of figure 1(b) where
where D or and D ir are the raceway diameters at the ball-race contact of the outer and inner races, respectively, and d is the ball diameter. While diametral clearance is generally used in conjunction with single row deep-groove ball bearings, it is applicable to angular-contact ball bearings where there is a relation between diametral clearance P D , race curvatures r ir and r or , and free contact angle β (ref. 16) ( fig. 2(b) ).
Where P D = 0, the bearing pitch diameter is
Referring to figure 2, the race conformity f is the ratio of the race-groove radius, or curvature, r to the ball diameter d in a plane passing through the bearing axis and transverse to the raceway and expressed as a percent or fractional percent (ref. 16 ) where
The race-groove radius, or curvature, can be expressed as
The distance between the centers of curvatures of two races in line contact with a ball is indicated by D in figure 2(a) . It is a fixed quantity depending on race radii and ball diameter where
The quantity B is referred to as the "total curvature" and is a measure of the conformity of the inner and outer races (ref. 16 ). The computation of deflection in ball bearings under load is dependent on the value of the total curvature B (ref. 16) . Figure 2 (b) is a schematic of a cross section of a ball in an angular-contact ball bearing showing a free contact angle β. The free contact angle is the contact angle of the bearing without load being applied. It is defined as "the angle made by a line passing through the points of contact of the ball and both raceways with a plane perpendicular to the axis of the bearing when both races are centered to each other and one race is axially displaced with respect to the other without the application of measurable force (ref. 16 )." The free contact angle is determined by the diametral clearance, P D , and the total curvature B, where
Contact (Hertz) Stress
The contact (Hertz) stresses at the respective races of a bearing are a function of the bearing geometry, the normal load at the contact and the elastic properties of the bearing materials. Jones (ref. 16) relates the Hertz contact theory for the stresses of nonconforming bodies in contact for both ball and roller bearings. From Jones (ref. 16 ), the following relations for the maximum Hertz stresses S max at the inner and outer races of ball bearings can be derived:
For deep-groove ball bearings with a radial load only, For bearing steel on bearing steel, K = 1.58×10 -3 for S max in GPa and K = 23.58 for S max in ksi. The values for the transcendental functions, µ and ν, vary with conformity f and can be found in reference 16. From the above equations, the conformities at the inner and outer races affect the resultant Hertz stresses and the lives of their respective raceways. The determination of life factors LF ir and LF or based on conformities for the inner and outer races, respectively, can be calculated by normalizing the equations for Hertz stress for the inner and outer races to a conformity of 0.52 (the value of 0.52 was chosen as a typical reference value). The change in stress for the same race diameter but varying the conformity is determined as a function of conformity. The accepted relation between life L and S max is
Where n is normally accepted as being 9 (ref. 9) . From equation (8a) for the same normal load P o , the ratio of the stress at a 0.52 conformity to that of the ball-race conformity gives the appropriate life factor where
Representative values of these life factors for conformities ranging from 0.505 to 0.57 are given for inner and outer races, respectively, in table I. It was found, subject to round-off error, that the life factors based upon conformities for the respective inner and outer races were independent of bearing size and series. However, they were different at the inner and outer races for each respective conformity. 
Bearing Life Analysis
In probabilistic life models the bearing physical characteristics, applied load, operating profile, and environment determine the probability of failure, assuming that the life is represented by a known probability function. Weibull (refs. 6 and 7) was the first to suggest a reasonable way to estimate material fracture strength with such a probability function. Based upon the work of Weibull, G. Lundberg and A. Palmgren (ref. 9) in 1947 showed that the probability of survival S could be expressed as a power function of the orthogonal shearing stress τ o , life N, depth to the maximum orthogonal shear stress Z o , and stressed volume V of the race. That is
From equation (1) and for a given value of S, the life L is
where for ball bearings the stressed volume of the race
where a is the semimajor axis of the contact ellipse and l L is the race track length or circumference of the ring at ball contact. The resultant variables in equations (9) and (11) 
where the life of the rolling elements, by inference, is incorporated into the life of each raceway tacitly assuming that all components have the same Weibull slope e. In properly designed and operated rollingelement bearings, fatigue of the cage or separator should not occur and, therefore, is not considered in determining bearing life and reliability. From equations (12) and (13) 
Results and Discussion
G. Lundberg and A. Palmgren in 1947 (ref. 9) established the primary relation between bearing geometry and bearing life. For ball bearings they related bearing life to five variables. These are ball diameter, pitch diameter, inner-and outer-race conformities, number of balls, and contact angle. Except for bearing contact angle, the relation between these parameters remains the same regardless of whether the bearing is a deep-groove ball bearing or an angular-contact ball bearing. These relations have been incorporated into both the ANSI/ABMA and the ISO Standards to predict bearing life as well as current life prediction bearing codes (refs. 12, 13, 17, and 18). The Lundberg-Palmgren equation (ref. 9 ) only relates to the lives of the inner and outer races and incorporate ball life into their analysis by inference. It has since been recognized that the life of the ball set in relation to the races is different for a deep-groove ball bearing and an angular-contact ball bearing as well as being dependent on the relative contact (Hertz) stresses at the inner and outer races (ref. 15 ).
Ball Set Life
Lundberg and Palmgren (ref. 9) do not directly calculate the life of the rolling-element (ball or roller) set of the bearing. However, through benchmarking of the equations with bearing life data by use of a material-geometry factor f cm , the life of the rolling-element set is implicitly included in the life calculation of equations (15a) and (15b).
The rationale for not including the rolling-element set in equation (13) appears in the 1945 edition of A. Palmgren's book (ref. 5) wherein he states that, "…the fatigue phenomenon which determines the life (of the bearing) usually develops on the raceway of one ring or the other. Thus, the rolling elements are not the weakest parts of the bearing …". The database that Palmgren used to benchmark his and later the Lundberg-Palmgren equations were obtained under radially loaded conditions. Under these conditions, the life of the rolling elements as a system (set) will be equal to or greater than that of the outer race. As a result, failure of the rolling elements in determining bearing life was not initially considered by Palmgren. Had it been, equation (13) would have been written as follows:
where the Weibull slope e is the same for each of the components as well as for the bearing as a system.
Comparing equation (16) with equation (13), the value of the L 10 bearing life will be the same. However, the values of the L ir and L or between the two equations will not be the same, but the ratio of L or /L ir will remain unchanged.
The 
From equations (17a) to (17c), if the life of the bearing and the fractions of the total failures represented by the inner race, the outer race and the rolling element set are known, the life of each of these components can be calculated. Hence, by observation, it is possible to determine the life of each of the bearing components with respect to the life of the bearing.
Equations (17a) to (17c) were verified using radially loaded and thrust-loaded 50-mm-bore ball bearings. Three hundred forty (340) virtual bearing sets totaling 31,400 bearings were randomly assembled and tested by Monte Carlo (random) number generation (ref. 20) . From the Monte Carlo Seven of the twelve bearings failed from rolling-element fatigue. Two of the failed bearings had fatigue spalls on a ball and an inner race. Two bearings had inner-race fatigue spalls. Two bearings had fatigue spalls on a ball, and one bearing had an outer-race fatigue spall. Counting each component that failed as an individual failure independent of the bearing, there were four inner-race failures, four ball failures, and one outer-race failure for a total of nine failed components. Inner race failures were responsible for 44.4 percent of the failures; ball failures, 44.4 percent; and outer-race failures, 11.2 percent. Using each of these percentages in equations 17(a) to 17(c) together with the experimental L 10 life, the lives of the inner and outer races and the ball set were calculated. For purposes of the calculation, the Weibull slope e was assumed to be 1.11, the same as Lundberg and Palmgren (ref.
For nearly all rolling-element bearings the number of inner-race failures is greater than those of the outer race. Accordingly, from equations (17a) and (17c), the life of the outer race will be greater than that of the inner race. Zaretsky (ref. 15) noted that for radially loaded bearings (ball or roller), the percent of failures of the rolling-element set was generally equal to and/or less than the outer race. For thrust-loaded ball or roller bearings, Zaretsky (ref. 15) further noted that the percent of the rolling-element set was equal to or less than the inner race but more than the outer race. In order to account for material and processing variations, Zaretsky developed what is now referred to as Zaretsky's Rule (ref. 15) as follows:
For radially loaded ball and roller bearings, the life of the rolling element set is equal to or greater than the life of the outer race. Let the life of the rolling element set (as a system) be equal to that of the outer race.
From equation (16) For thrust loaded ball and roller bearings, the life of the rolling element set is equal to or greater than the life of the inner race but less than that of the outer race. Let the life of the rolling-element set (as a system) be equal to that of the inner race.
From equation (16) 
where
Examples of using equations (18) and (19) are given in reference 15. As previously stated, the resulting values for L ir and L or from these equations are not the same as those from equation (13) . They will be higher.
H. Takata 
Bearing Life Factors Based on Conformity
From the above, the life of the bearing can be related to the life of the inner race where the ratio X between the outer-and inner-race lives is known or can be calculated where (22b) to (18) for radially loaded deep-groove ball bearings, equation (18) 
Applying life factors based on the effect of conformity on the respective lives of the inner and outer races, equation (24) 
Dividing equation (25) by equation (24) provides the bearing life factor for the radially loaded deepgroove bearing based on conformity LF c : Applying life factors based on the effect of conformity on the respective lives of the inner and outer races, equation (27) (28) by equation (27) provides the bearing life factor LF c for the thrust-loaded angular-contact ball bearing based on conformity: 
Application to Lundberg-Palmgren Equations
In order to calculate a life factor (LF c ) based on the conformity of a ball in a nonconforming race groove, it is necessary to obtain from the bearing manufacturer's catalog the bearing outside diameter (OD), inside diameter (ID), free contact angle β and ball diameter d. Knowing the bearing OD and ID, calculate the pitch diameter d e from equation (2) . From these values, the ratio of the outer to inner race lives X can be calculated either from equation (20) or from an appropriate bearing computer program where the inner-and outer-race conformities are the same.
From table I, life factors (LF) based on individual race conformities are obtained for both the inner and outer races. These LF values are normalized to a ball-race conformity (f) of 0.52. Depending on whether the bearing is a deep-groove or angular-contact ball bearing, these values together with that for the race-life ratio X are used in equations (26) or (29) , respectively, to calculate bearing life factor LF c based on the combined inner-and outer-race conformities. These values of LF c can then be applied against the bearing catalog life or the values calculated from equations (14), (15a), and (15b).
For the bearing series shown in figure 4 and summarized in table V, representative life factors were calculated for deep-groove and angular-contact ball bearings using equations (26) and (29), respectively, with race conformities ranging from 0.505 to 0.57. The conformity of one race was fixed at 0.52 and the other race was allowed to vary and vice versa. The results were normalized for the conformity combination of 0.52 inner and 0.52 outer, where the resultant bearing life factor for conformity LF c is equal to 1. These results were compared to those generated from the Lundberg-Palmgren equations from reference (ref. 9). The Lundberg-Palmgren equations are the same for deep-groove and angular-contact ball bearings except for the inclusion of the cosine of the contact angle β. Where cos β = 1, the results for the two types of ball bearings are identical. Table VI shows a comparison of these life factors for extreme combinations of conformities for extremely light and heavy series ball bearings. The results for both bearing types are different from that calculated from the Lundberg-Palmgren equations. Depending on the bearing type and series as well as conformity combinations, the calculated life for deep-groove ball bearings can be over 40 percent less than that calculated by the Lundberg-Palmgren equations. For angular-contact ball bearings, the life can vary from 22 to -39 percent from that calculated by the Lundberg-Palmgren equations. While the trend between bearing life factors are qualitatively similar, they are quantitatively different between the angular-contact ball bearings and the deep-groove ball bearings. Comparing the two bearing types, the life factors LF c for the deep-groove bearings can be as much as 34 percent lower than that for angular-contact ball bearings. 9) assumed that the orthogonal shearing stress τ o is the critical stress related to and affecting rollingelement fatigue. However, other shearing stresses designated τ that are proportional to the maximum Hertz stress, such as maximum shearing stress, octahedral shearing stress, and von Mises equivalent stress, are also related to and affect rolling-element fatigue. As a result, equation (30a) can be written as
Other Bearing Life Methods
Incorporating a fatigue limit τ l in equation (30b),
Background
In recent years there has been a movement to incorporate the concept of a "fatigue limit" in the Lundberg-Palmgren equations (ref. 9). The fatigue limit as applied to ball and roller bearings is a shearing stress below which no rolling-element fatigue should occur. The concept of a fatigue limit for rolling- There are two problems associated with the use of a fatigue limit for rolling-element bearings. The first problem is that the form of equation (30c) may not reflect the presence of a fatigue limit but the presence of a compressive residual stress (ref. 15) . The second problem is that there are no data in the open literature that would justify the use of a fatigue limit for through-hardened bearing steels such as AISI 52100 and AISI M-50. In fact, a paper presented by Tosha et al. (ref. 25) , reporting the results of rotating beam fatigue experiments for through-hardened AISI 52100 steel at very low stress levels, shows conclusively that a fatigue limit does not exist for this bearing steel.
Recent publications by the ASME (ref. The concept of a fatigue limit load (bearing load under which the fatigue stress limit is just reached in the most heavily loaded raceway contact) introduced in the proposed (revised) ISO rating methods is proportional to the fatigue limit stress raised to the 3rd power for ball bearings (point contact). These differing values of stress would result in a 128 percent higher load using 
Comparison of Results
Figures 7 and 8 show the comparison of ball set life and race conformity on bearing life for radially loaded vacuum-arc-remelted (VAR) AISI 52100 steel, 60-mm-bore, ball bearings under pure radial and thrust loads. Bearing geometry, operating parameters, and life factors used for these calculations are summarized in table VIII. For each figure set of figures 7 and 8, there are two curves. One curve represents the conformity of the outer race constant at 0.52 (52 percent) and the inner-race conformity varied from 0.51 to 0.57 (51 to 57 percent). This will be referred to as "constant outer-race conformity." For the second curve, the innerrace conformity was held constant at 52 percent and the outer-race conformity was varied from 51 to 57 percent. This will be referred to as "constant inner-race conformity."
Figures 7(a) and 8(a) show the results for the ASMELIFE (ref. 26) calculation for the radially loaded and thrust-loaded bearings, respectively. For the radially loaded bearing with constant outer-race conformity, life decreased by 93 percent when the inner-race conformity was varied from 52 to 57 percent ( fig. 7(a) ). For constant inner-race conformity, the calculated life decreased by 99 percent ( fig. 7(a) ). Contrary to what would be intuitively expected, the lives obtained for constant outer-race conformity exceeded those lives calculated for constant inner-race conformity. The opposite result should have occurred, suggesting an error in the ASMELIFE computer program.
For the thrust-loaded bearing ( fig. 8(a) ), the lives obtained for constant inner-race conformity exceeded those lives calculated for constant outer-race conformity. For constant outer-race conformity, life decreased by 93 percent when the inner-race conformity was varied from 52 to 57 percent. For constant inner-race conformity, the calculated life decreased by 82 percent. fig. 7(b) ), life decreased by 74 percent when the inner-race conformity was varied from 52 to 57 percent. For constant inner-race conformity, the calculated life decreased by 28 percent when the outer-race conformity was varied from 52 to 57 percent. For the thrust-loaded bearing with constant outer-race conformity ( fig. (8(b) ), life decreased by 77 percent when the inner-race conformity was varied from 52 to 57 percent. For constant inner-race conformity, the calculated life decreased by 39 percent when the outer-race conformity was varied from 52 to 57 percent. (26) and (29) with life factors. For the radially loaded bearing with constant outer-race conformity ( fig. 7(c) ), life decreased by 81 percent when the inner-race conformity was varied from 52 to 57 percent. For constant inner-race conformity, the calculated life decreased by 55 percent when the outer-race conformity was varied from 52 to 57 percent. For the thrust-loaded bearing with constant outer-race conformity ( fig. (8(c) ), life decreased by 83 percent when the inner-race conformity was varied from 52 to 57 percent. For constant inner-race conformity, the calculated life decreased by 27 percent when the outer-race conformity was varied from 52 to 57 percent.
Comparing 8(b) ), the lives at inner-and outer-race conformities of 52 percent are assumed to be equal for the specified operating condition. As the conformity is increased, differences in life emerge as a result of ball set life. At conformities greater than 52 percent, including the life of the ball set results in a lower life prediction than that obtained from the Lundberg-Palmgren equations (figs. 7(b) and (c)). At an inner-race conformity of 52 percent and outerrace conformity of 57 percent for the radially loaded bearing ( fig. 7) , the life of the bearing considering ball set life is 36 percent less than that calculated from the Lundberg-Palmgren equations without ball set life. At an outer-race conformity of 52 percent and inner-race conformity of 57 percent for a radially loaded bearing ( fig. 7) , the life of the bearing with ball set life is 25 percent less than that calculated from the Lundberg-Palmgren equations without ball set life.
For the thrust-loaded bearing (figs. 8(b) and (c)) at inner-race conformity of 52 percent and outer-race conformity of 57 percent, the calculated life of the bearing factoring in ball set life ( fig. 8(c) ) is 19 percent less than calculated from the Lundberg-Palmgren equations without ball set life ( fig. 8(b) ). At outer-race conformity of 52 percent and inner-race conformity of 57 percent, the life of the bearing factoring in ball set life ( fig. 8(c) ) is 27 percent less than calculated from the Lundberg-Palmgren equations without ball set life ( fig. 8(b) ).
Under the range of stresses examined, the use of a fatigue limit would suggest that (for most operating conditions under which a ball bearing will operate) the bearing will not fail from classical rolling-element fatigue. Realistically, this does not occur. The use of a fatigue limit from either ASMELIFE (ref. 26) 
Summary of Results
G. Lundberg and A. Palmgren in 1947 established the primary relation between bearing geometry and bearing life. These relations have been incorporated into both the ANSI/ABMA and the ISO Standards to predict bearing life as well as current life prediction bearing codes. The Lundberg-Palmgren equations only relate to the lives of the inner and outer races and incorporate ball life into their analysis by inference. It has since been recognized that the life of the ball set in relation to the races is different for a deep-groove ball bearing and an angular-contact ball bearing as well as being dependent on the relative contact (Hertz) stresses at the inner and outer races. The analysis reported herein considers the life of the ball set as well as the respective lives of the races and to reassess the effect of ball-race conformity on ball bearing life. The related changes in ball bearing life are incorporated in life factors that can be used to modify the bearing predicted life using the Lundberg-Palmgren equations and the ANSI/ABMA and ISO Standards. The following results were obtained:
1. Two simple algebraic relationships that incorporated ball set life were established to calculate life factors (LF c ) incorporating ball set life to determine the effect inner-and outer-race conformity combinations have on bearing L 10 life for deep-groove and angular-contact ball bearings, respectively. 2. Depending on the bearing type and series as well as conformity combinations, the calculated life for deep-groove ball bearings can be over 40 percent less than that calculated by the LundbergPalmgren equations. For an angular-contact ball bearing, the life can vary from 16 to -39 percent from that calculated by the Lundberg-Palmgren equations. 3. The trend between bearing life factors are qualitatively similar but quantitatively different between angular-contact and the deep-groove ball bearings. Comparing the two bearing types, the life factors LF c for the deep-groove bearings can be as much as 40 percent lower than that for angular-contact ball bearings. 4. The use of a fatigue limit from either ASMELIFE or ISO 281:2006 can significantly overpredict bearing life over a range of normal operating Hertz stresses, which can result in the selection of undersized bearings for a particular application.
